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We theoretically study the quantum anomalies in the superconducting Weyl metals based on the
topological field theory. It is demonstrated that the Fermi arc and the surface Andreev bound state,
characteristic of the superconducting Weyl metals, are the manifestations of two underlying phe-
nomenon, namely the chiral anomaly and the parity-like anomaly, respectively. The first anomaly is
inherited from the Berry curvature around the original Weyl points, while the second is the result of
the superconductivity. We show that, all the fascinating topological behavior of the superconduct-
ing Weyl metals, either intranode FFLO or the internode BCS pairing state, can be satisfactorily
described and predicted by our topological field theory.
PACS numbers: 74.20.Mn, 14.80.Va, 03.65.Vf
I. INTRODUCTION
The topological states of matters have received enor-
mous attention after the discovery1,2 and realization3 of
the topological insulators (TIs). TIs is topological in the
sense that even though they are fully gapped in the bulk,
they enjoy symmetry-protected surface metallic states1.
Of particular recent interest is another type of topologi-
cal phase termed the Weyl semimetals (WSMs)4, which
has no bulk gap but enjoys gapless nodes distributed in
its three dimensional (3D) momentum space. It is be-
lieved that the linearly dispersed-3D Weyl cone is robust
to perturbations and can lead to various of topologically-
nontrivial behaviors, including the chiral surface states,
i.e., the Fermi arcs terminating at Weyl points with
opposite chirality, and the remarkable electromagnetic
properties such as the semi-quantized anomalous Hall ef-
fect (AHE)5,6 and the chiral magnetic effect (CME)7.
These properties make it a promising candidate for future
application in quantum transport, and therefore stimu-
lates a broad inquiry into this gapless topological phase,
both in theory and in experiment.
Theoretically, to reveal the topological aspects, the
topological field theory (TFT) can be used to describe
the low-energy, universal physics of the topologically or-
dered states. For example, this method has been ap-
plied to TIs8, which successfully accounted for the AHE
and the topological magnetoelectric effect (TME). Be-
sides, it has also been studied in time-reversal invariant
topological superconductors, leading to the prediction
of the level crossing induced by the crossing of vortex
lines9. Also, the application of the TFT to the WSM
phase10,11 brought light to the chiral anomaly and gave
rise to the prediction of the AHE and CME. Even though
whether the CME persists in realistic materials is still un-
der debating12–14, the TFT serves as a faithful descrip-
tion of the physically measurable topological response
functions. Experimentally, based on recent first princi-
ple calculation15,16, the non-centrosymmetric transition
metal monophosphides such as TaAs, NbAs, TaP and
NbP have been reported17–22, showing clear signature of
the WSM phase.
Despite the above progress on the WSM phase, recent
studies reveal even more interesting perspectives. Re-
markably, the first principle calculation23 predicts that
MoTe2 is a WSM state which exhibits four pairs of Weyl
points in the bulk band structure. Moreover, MoTe2 is
also experimentally found to be a superconductor (SC)
with transition temperature Tc = 8.2K under pressure
24.
The above calculation and experiment naturally raises
the question: will any new topological properties emerge
if a WSM phase becomes a superconductor? Since the su-
perconductor (SC) is based on pairing of electron which
usually depends on the density of states (DOS). For un-
doped WSM, the DOS is zero, which will hamper the
SC. Therefore, in order to investigate the SC, the WSM
needs to be doped. However, in order to preserve the
spin-momentum-locking of the Weyl points (WPs), only
a slight doping is allowed, where spherical of Fermi sur-
faces around the WPs should occur.
The topic of superconductivity in doped WSM (i.e.,
the superconducting Weyl metal (SWM)) has been in-
vestigated in some literatures. Ref.25, investigates a su-
perlattice with the staking of layers of TIs and standard
s-wave BCS SCs, where it is found that the SC splits one
WP into two Bogoliubov-Weyl nodes. Ref.26–28 stud-
ied and compared the stability of the internode Bardeen-
Cooper-Schrieffer (BCS) pairing state and the intranode
Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) pairing state
based on the mean-field theory. Moreover, Ref.27, Ref.28
and Ref.29 also evaluated the surface states of the SWM
phases. It is found that, in the BCS state, both the sur-
face Andreev bound state (SABS) and the Fermi arc will
occur on the system’s boundary, with the former inside
the pairing gap while the latter inside the band gap27,29.
In the FFLO state28, a pair of Andreev bound states with
opposite dispersion slope is extracted, where one locates
in the pairing gap around the left-handed Weyl node and
2the other one resides around the right-handed node. An-
other pair of SABSs also occurs due to the particle-hole
symmetry. Besides, the zero energy excitation in the sur-
face spectrum was found to be the Majorana fermion that
is localized in the system’s boundary27,28. Despite the
above findings, many important problems on the SWM
phase are still unaddressed by the above works. First,
even though some surface states are obtained by numeri-
cal ways, it is still unclear what is the fundamental topo-
logical reason that is responsible for their occurrence?
Second, is there any bulk-surface correspondence in the
SWM phase, and how the bulk topology determines the
surface modes? Third, despite the obvious pairing differ-
ence between the internode BCS SWM and the intranode
FFLO SWM, is there any underlying common character-
istics that account for their similar surface states?
In this work, we answer the above three questions by
deriving the effective TFT of the SWM phase. To do
so, the key point would be to find out a correct external
field that induces observable response behavior. Since
the electromagnetic field is screened in the SC bulk, it
is not considered as the suitable probe field. Hence, the
gravitational or thermal field response theory is proposed
in topological superconductors30,31. However, if one is
not interested in the bulk response but only focuses on
the surface states, more feasible approaches are available
without resorting to the coupling of the gravitational or
thermal field. Different from Refs.30,31, which investi-
gate the bulk response of a general topological supercon-
ductor, we formulate in this work a simple and direct
method to study the surface states of the SWM phase
by constructing a U(1) TFT in the bulk. By coupling
a U(1) gauge field to the SWM phase, one is able to
arrive at the surface description that is independent of
the external fields, since the surface states are only in-
trinsic manifestations of the bulk topology. Following the
above consideration, we obtain the following conclusions.
First, it is found that, after integrating out the matter
fields, two 3+1D Chern-Simons-type actions emerge, de-
scribing the external U(1) gauge field. The first Chern-
Simons term is due to the chiral anomaly, which is found
to be robust against the onset of the superconductivity.
It manifests itself by the Fermi arc of the SWM state.
The second Chern-Simons term includes the contribution
from a left-handed and a right-handed sector, and each
sector further contains a particle-hole symmetric and a
particle-hole antisymmetric term. These topological ac-
tions describe the U(1) gauge field coupled to the Bogoli-
ubov quasi-particles, and are responsible for the SABSs
of the SWM phase. Besides, the emergence of the such
term is attributed to the second order renormalization by
the external gauge field, which has a similar counterpart
in the quantum electrodynamics (QED), i.e., the par-
ity anomaly. Therefore, we show that the surface states
of the SWM phase are, in essence, the results of two
quantum anomalies, i.e., the Fermi arc originates from
the chiral anomaly and the SABS owes to the parity-like
anomaly. Second, we have proved that, in the sense of
TFT, the internode BCS state and the intranode FFLO
state belong to the same universality class. Namely, they
share the same effective field theory after the fermions are
integrated out.
The remaining part of this work is organized as fol-
lowing. In Sec.II, we introduce the continue model of
the SWM state for both the internode BCS pairing and
the intranode FFLO pairing cases. In Sec.III, we briefly
present our main method, where we also review the chiral
anomaly of the WSM phase as an example. In Sec.IV,
the detailed analysis of the two quantum anomalies of the
intranode FFLO SWM phase are discussed. In Sec.V, we
calculate the surface states of the FFLO SWM with a fi-
nite boundary, which are exactly in agreement with the
results from the TFT in the last section. In Sec.VI, the
internode BCS state is discussed. Finally, the conclusion
and further discussion is presented in Sec.VII.
II. MODEL OF THE SWM
To investigate the quantum anomalies, which are only
dependent on the low-energy degrees of freedom near the
Weyl points in momentum space while the higher en-
ergy window is irrelevant, we first start from a low-energy
effective model of the simplest Weyl semimetals, where
only two Weyl points (A,B) are present. The two Weyl
points, with the opposite chirality, are separated in mo-
mentum space due to a TRS-breaking vectorQ. A lattice
model will be studied in section V to verify the results ob-
tained by the continuum model. Moreover, we consider
a slight doping, such that the chemical potential µ can
be higher (or lower) than the Weyl point. In this case,
the low-energy physics is determined by two small spher-
ical Fermi surfaces, which still enjoy the spin-momentum
locking and the unique spin textures of the Weyl mate-
rial. This state of matter, termed as the Weyl metals27,
can be described by the following general Hamiltonian in
the basis Ψk = [c
A
k↑, c
A
k↓, c
B
k↑, c
B
k↓]
T ,
H0 =
∑
k
Ψ†k[τ
zk · σ + τ0Q · σ − µ]Ψk. (1)
In this work, we focus on the TRS-breaking SWM phase
while neglecting the inversion-symmetry-breaking term
in the above Hamiltonian. The vector Q breaks the TRS
and separate the Weyl points in momentum space. With-
out losing any generality, we assume the Weyl points are
split along kz by setting Q = (0, 0, Qz). For simplicity,
we have assumed the isotropy of the Weyl points and set
vF = 1. τ and σ are the Pauli matrices to represent
the chirality and spin degree of freedoms. Eq.(1) is a
low-energy continuum model, and the sum of k should
be within a momentum cutoff Λ centered at each WP,
i.e., |k±Q| ≤ Λ. In the standard field theoretical treat-
ment, Λ can be regarded as infinity, which preserves all
the Weyl physics in the low-energy window10.
Since the Fermi surfaces are now spherical pockets
rather than discrete points due to the slight doping
3(µ 6= 0), the general state described by Eq.(1) is a metal.
Different from the normal metals, the Weyl metal here
exhibits the spin momentum locking and the band is non-
degenerate. This property has motivated previous stud-
ies on superconductivity in the Weyl metal phase. Since
our main aim in this work is the quantum anomalies and
the intrinsic topological behavior of the SWM state, we
do not discuss in detail the specific pairing symmetry
and their energetics, but study only the topological re-
sponse of two general possible pairing cases: the uniform
intra-node pairing FFLO state and the uniform inter-
node pairing BCS state.
Now in terms of the FFLO pairing state, the total
Hamiltonian under our consideration is H1 = H0+HSC1.
HSC1 is the FFLO pairing term
HSC1 =
∑
k
∆cA†k+Q↑c
A†
−k+Q↓ +∆c
B†
k−Q↑c
B†
−k−Q↓ +H.C..
(2)
Eq.(2) describes the intra-node pairing between electrons
with momentum k+Q and −k+Q (for A node), which
has a finite pairing momentum 2Q. In order to facilitate
our following calculation, it is more convenient to write
the superconductivity term in real space,
HSC1 =
∑
r
∆e−i2Q·rcA†r↑ c
A†
r↓ +∆e
i2Q·rcB†r↑ c
B†
r↓ +H.C.,
(3)
where we have treated the A, B chiralities as two dif-
ferent flavors that are independent of each other. Now
one can introduce the Nambu space and the basis Φr =
[cAr↑, c
A
r↓, c
B
r↑, c
B
r↓, c
B†
r↓ , c
B†
r↑ , c
A†
r↓ , c
A†
r↑ ]
T . In this basis, the to-
tal Hamiltonian reads,
H1 =
∑
r
Φ†r[τ
zσz(−i∂z) +Qzσ
z + szτzσ · (−i∇‖)− µs
z
+ sxτ+σz∆e−2iQzz + sxτ−σz∆e2iQzz]Φr,
(4)
where τ± = τx± iτy and the Pauli matrix s is defined in
the Nambu space. ∇‖ = (∂x, ∂y) is the gradient operator
in x−y plane. In Eq.(4), we have inserted Q = (0, 0, Qz)
without the loss of generality.
To investigate the quantum anomalies in the above
Hamiltonian Eq.(4), it is natural to utilize the functional
path-integral representation. Then, the imaginary-time
action describing the FFLO superconducting Weyl met-
als can be written as,
S1 =
∫
dτdrΦ†r [∂τ + τ
zσz(−i∂z) + s
zτzσ · (−i∇‖)
+ σzQz − µs
z + sxτ+σz∆e−2iQzz + sxτ−σz∆e2iQzz]Φr.
(5)
Similarly, for the internode pairing BCS pairing state,
we have H2 = H0 + HSC2, where the internode BCS
pairing term HSC2 reads
HSC2 =
∑
k
∆cA†k↑c
B†
−k↓ +∆c
B†
k↑ c
A†
−k↓ +H.C.. (6)
After making Fourier transformation back to the real
space and using the functional path-integral formalism,
we obtain the following imaginary-time action for the in-
ternode BCS superconducting Weyl metals,
S2 =
∫
dτdrΦ†r [∂τ + τ
zσz(−i∂z) + s
zτzσ · (−i∇‖)
+ σzQz − µs
z + sxσz∆]Φr.
(7)
Eq.(5) and Eq.(7) are the models we are going to study.
These models include the most important low-energy
physics of the superconducting Weyl metals. Since Weyl
semimetal enjoys the chiral anomaly which further leads
to the semi-quantized quantum Hall effect and the chi-
ral magnetic effect10, it is natural to ask the question
whether the chiral anomaly would be preserved or not
after the onset of superconductivity, and will there be
any other quantum anomalies induced by the supercon-
ductivity? If such anomalies exist in superconducting
Weyl metals, then what are their impacts on the sur-
face boundaries? In what follows, we will give a detailed
analysis on these problems.
III. GENERAL METHOD
To answer the above questions, we are going to work
out a topological field theory of the gauge field coupled
to the SWM phase. In order to be more self-contained,
we first briefly review the problem of the chiral anomaly
in the WSM state, which can serve as general method
in the following discussion on the superconducting Weyl
metal phase.
For the simplest WSM state with two Weyl points, we
start from the Eq.(1). The general methods to study
the topological response of WSM state can be concluded
into three steps. First, resorting to the functional path-
integral formalism, we arrive at the imaginary-time effec-
tive action,
Swsm =
∫
dτdrΨ†r [∂τ+τ
z(−i∇)·σ+τ0Q·σ−µ]Ψr, (8)
Second, we consider the coupling of a U(1) gauge field
to Eq.(8).
S =
∫
dτdrΨ†r,τ [∂τ + ieA0 +H(−i∇+ eA)]Ψr,τ , (9)
where H(−i∇+ eA) reads
H(−i∇+ eA) = τz(−i∇+ eA) · σ + τ0Q · σ − µ (10)
Third, we are ready to integrate out the matter fields.
Before doing so, one can further simplify Eq.(10) uti-
lizing the symmetry of S. This trick has been used to
obtain the gauge field theory associated with topologi-
cal defects. For example, if there exists vortices in 2D,
singular transformation can be performed to include the
4vortices degrees of freedom into the gauge field32. How-
ever, the symmetry of S does not equal to the symmetry
of the partition function Z =
∫
Dc†Dce−S , i.e., the Ja-
cobian associated to the transformation of the integral
measure must be considered carefully, which may lead to
physically measurable results. Therefore, the action can
be formally written into
S =
∫
dτdrΨ†r,τ [∂τ + ieA0 + H˜(−i∇+ eA)]Ψr,τ + δS,
(11)
where H˜(−i∇ + eA) denotes the transformed Hamilto-
nian and δS represents the correction from the integral
measure. Now the one fermion loop effective action for
the gauge field can be obtained as
Seff [A0,A] = Tr[log(∂τ + ieA0 + H˜(−i∇+ eA))] + δS.
(12)
A perturbative treatment of Aµ can further expand the
above action, making possible the calculation of Feynman
diagrams order by order. Eq.(12) is the general effective
action of the external gauge field, which include infor-
mation of the topological response of the studied WSM
state. It shows that the main results may come from two
terms. The first term in Eq.(12) comes from the trans-
formed Hamiltonian. For the WSM case, the H˜ after the
chiral transformation describes a gapless Dirac fermion
in the Γ point. For gapless Dirac fermion, no topological
nontrivial term would occur after calculating the trace10,
therefore, the main contribution comes from the second
term δS. Such term is due to the nonzero logarithm of
the Jacobian of the functional integral measure under the
chiral transformation, which breaks the chiral symmetry
in the partition function even though it is preserved in
the action. This phenomenon is termed as the chiral
anomaly. The chiral anomaly of the WSM phase is well
studied. By using regularization methods, such as the
Fujikawa’s method33, δS is obtained as10,
δS = −
e2
8π2
∫
d3rdtǫµνρλ∂µθAν∂ρAλ, (13)
where θ is the axion angle determined by the separation
of the Weyl points. This action clearly shows the emer-
gence of the semi-quantized quantum Hall effect and the
chiral magnetic effect.
The above analysis of the pure WSM state includes the
main steps used in this work. Different from the above
pure WSM case, more issues need to be carefully con-
sidered after the onset of the superconductivity. We can
expect that the pairing gap will lead to a massive Dirac
Hamiltonian after the chiral transformation. Hence, the
first term in Eq.(12) may also result in nontrivial topo-
logical field theory after the fermions are integrated out.
This question on how the superconductivity would affect
the topological response behavior of the WSM is not dis-
cussed in any literatures to the best of our knowledge,
so we will show the derivation as detailed as possible.
Moreover, the relationship between the emerging quan-
tum anomalies and the surface states will be addressed
via establishing the bulk-surface correspondence in the
SWM.
IV. QUANTUM ANOMALIES IN FFLO STATE
Now we first investigate the FFLO superconducting
Weyl metal state described by the action Eq.(5). The
important symmetry in Eq.(5) is the chiral symmetry,
therefore we first consider the local chiral transformation,
Φr → e
−is0τzσ0θ(τ,r)/2Φr. We separate the total action
S into the Weyl metal term and the superconductivity
term, i.e., S = S0 + SSC1. As to S0, performing the
chiral transformation, S0 is changed into S
′
0,
S′0 =
∫
dτdrΦ†r[∂τ + s
0τzσz(−i∂z) + σ
z(Qz −
1
2
∂zθ)
− µsz + szτzσ · (−i∇‖)− τ
z i
2
∂τθ −
1
2
szσ · ∇‖θ]Φr,
(14)
The above equation suggests that the TRS-breaking term
will be eliminated if θ(τ, r) = 2Qzz. This is an expected
result since for pure Weyl metals, the Weyl nodes can be
shifted, merging into a gapless Dirac point by the local
transformation10. Now we consider the superconductiv-
ity terms. Under the local chiral transformation, we have
SSC1 → S
′
SC1 =
∫
dτdrΦ†r
×∆[e−2iQzz+iτ
zθsxτ+σz + e2iQzz+iτ
zθsxτ−σz ]Φr.
(15)
After taking into account eiτ
zθτ± = e±iθτ± and θ =
2Qzz, S
′
SC1 can be further simplified into
S′SC1 =
∫
dτdrΦ†r∆s
xτxσzΦr. (16)
Now the transformed total action S′1 = S
′
0 + S
′
SC1 reads
in moment space,
S′ =
∑
iωn
∫
d3k
(2π)3
Φ†(iωn,k)(−iωn + τ
zσzkz − µs
z
+ szτzσ · k‖ +∆s
xτxσz)Φ(iωn,k).
(17)
The above action is nontrivial due to its following prop-
erties. First, for µ 6= 0, since the chiral transformation
shifts the two original Weyl points to Γ point, the above
action describes a well defined Dirac point at Γ point, to-
gether with a superconducting gap below (or above) the
Dirac point (see Fig.1(a)). Since we assume the chem-
ical potential to be close enough to the Weyl node so
that the spin-momentum locking is preserved in the small
Fermi pocket, we can expect the pairing gap may show
interesting topological properties. Second, for µ = 0,
Eq.(17) depicts a fully gapped Dirac point at Γ point
5WP- WP+
K=0
(a)
(b)
-Q +Q
-Q +Q K=0
/RFDOFKLUDO
WUDQVIRUPDWLRQ
/RFDOFKLUDO
WUDQVIRUPDWLRQ
FIG. 1: (color online). The schematic diagram showing the
change of the energy spectrum along kz of the intranode pair-
ing FFLO SWM phase under the local chiral transformation.
(a) is for the case chemical potential µ 6= 0. (b) shows the
case µ = 0.
(see Fig.1(b)). It is known that a gapless Dirac point
is topologically trivial. Moreover, the gapped 2D Dirac
fermion can be topologically nontrivial depending on the
sign of the mass. Therefore, the 3D gapped Dirac fermion
in Fig.1(b), if we view it as a layer of 2D case, may also
enjoy nontrivial topological properties. Moreover, be-
sides the transformed states in Fig.1, it is still unclear
whether the chiral anomaly arising from the functional
integral measure will be affected by the onset of super-
conductivity. Hence, now we know that two aspects need
to be addressed. One is the functional integral measure
in the partition function, and the second one is the chiral-
transformed state, Eq.(17). In what follows, we will de-
velop a general theory for both µ 6= 0 and µ = 0 case. It is
revealed that the nontrivial Jacobian δS of the functional
integral measure leads to robust Fermi arc in SWM, and
the transformed action Eq.(17), after calculating the ra-
diative correction of the U(1) gauge field, results in a
Chern-Simons-like topological response in the one-loop
effective action. This anomalous action, which has not
been found in the SWM phases to the best of our knowl-
edge, is the fundamental reason for the emerging in-gap
SABSs.
A. The chiral anomaly
Now let us investigate the first anomaly and extract the
contribution δS. As the first step, a U(1) gauge field Aµ
(with µ = 0, x, y, z) needs to be introduced into Eq.(5),
which leads to
S1 =
∫
dτdrΦ†r [∂τ + ies
zA0 + τ
zσz(−i∂z + es
zAz)
+ σzQz + s
zτzσ · (−i∇‖ + es
zA‖)− µs
z
+ sxτ+σz∆e−2iQzz + sxτ−σz∆e2iQzz]Φr,
(18)
where A‖ = (Ax, Ay) are external electromagnetic field.
When coupling gauge field to the superconductors where
the Nambu space enlarges the original degrees of freedom,
attention needs to be paid that the gauge field should not
destroy the particle-hole symmetry, i.e., the gauge field
terms that coupled to the hole states should be able to
return back to the form of that coupled to the electron
states. This leads to the sz in front of Aµ in Eq. (18).
Before we calculate the chiral anomaly, it is desirable to
introduce first the Dirac matrices, γµ = is0τyσµ with
µ = 1, 2, 3, γ0 = s0τxσ0 and γ4 = −iγ0. A γ5 matrix
can be defined by γ5 = −iγ0γ1γ2γ3 = τz . With these
definitions, S1 can be written in a more compact form,
S1 =
∫
dτdrΦr{iγ
4(∂0 + is
3eA0) + iγ
j(s3∂j + ieAj)
+ iγ3(∂3 + is
3eA3 + iγ
5Q3)− iµs
3γ4
+ i∆˜sx(
1 − γ5
2
)γ5γ4γ3 + i∆˜⋆sx(
1 + γ5
2
)γ5γ4γ3}Φr,
(19)
where j = 1, 2, ∆˜ = −∆e−i2Qzz and Φ = Φ†γ0. The
notations (x, y, z) are set to be (1, 2, 3) for brevity. Com-
pared to the WSM case in Eq.(9), the action here is much
more complicated due to the superconductivity. Writing
the action into explicit matrix in the Nambu space, we
can find the relationship between it and the action of the
pure Weyl metal phase, which reads,
S = i
∫
dτdrΦrΘΦr, (20)
with Θ explicitly being written out as a 2 by 2 block
matrix whose elements contain the Dirac matrices,
Θ =
(
Θ11 Θ12
Θ21 Θ22
)
, (21)
where
Θ11 = γ
µ(∂µ + ieAµ + iγ
5Qµ)− µγ
4, (22)
Θ12 = (∆˜
γ5 − 1
2
+ ∆˜⋆
γ5 + 1
2
)γ4γ3, (23)
Θ21 = (∆˜
γ5 − 1
2
+ ∆˜⋆
γ5 + 1
2
)γ4γ3, (24)
Θ22 = γ˜
µ(∂µ − ieAµ + iγ
5Qµ) + µγ
4, (25)
where we have redefined γ˜µ = (−γ1,−γ2, γ3, γ4). As
expected, Θ11 exactly equals to the action in non-
superconducting Weyl metals, this term can lead to the
6chiral anomaly when the function integral measure is
studied carefully. Besides this term, Θ22 is the hole-
version action, which is the particle-hole transformation
of Θ11. Therefore, we expect this term also results in
the chiral anomaly. The off-diagonal terms describes the
pairing contributions, whose effect will be analyzed in
what follows.
To calculate the Jacobian of the functional integral
measure in the partition function, Z =
∫
DΦDΦeS , we
use an abstract notation Uˆ to denote the chiral trans-
formation Φr → e
−is0τzσ0θ(τ,r)/2Φr. Then, the Jacobian
J under the chiral transformation Uˆ can be calculated
as J = Det(U−2). In order to calculate the determi-
nant, an appropriate basis needs to be clarified first so
that one can obtain the specific form of Uˆ in this basis.
The most natural basis would be the eigenvector of the
operator Θ, however, one can easily find that Θ is not
hermitian, which does not have eigenvectors correspond-
ing to real eigenvalues. Therefore, the first step would
be searching for hermitian operators based on Θ. The
simplest ones are Ξ1 = Θ
†Θ and Ξ2 = ΘΘ
†. Using these
hermitian operators, now we can have well-defined ba-
sis so that the Jacobian can be finally obtained. Before
showing the detailed calculation, we can write down the
following eigenvalue equations.
Ξ1ϕn = ǫnϕn, (26)
Ξ2ϕ
′
n = ǫnϕ
′
n. (27)
ϕn and ϕ
′
n are the eigenvectors of Ξ1 and Ξ2, respectively.
ϕn (ϕn) and ϕ
′
n (ϕ
′
n) lie in the linear spaces that are
isomorphic to the linear space constructed by Φr (Φr).
Therefore, we can expand the Grassmann Φr (and Φr)
using ϕn and ϕ
′
n, i.e.,
Φr =
∑
n
anϕn(r) =
∑
n
a′nϕ
′
n(r) (28)
Φr =
∑
n
a⋆nϕn(r) =
∑
n
a′⋆nϕ
′
n(r). (29)
Now we consider the chiral transformation Uˆ , under
which we have, UˆΦr = Φ
′
r. Since Uˆ acts directly on
Φr, and Φr can be expanded by ϕn or ϕ
′
n, we can now
write Uˆ in the basis of ϕn or ϕ
′
n, which reads,
Umn = e
− i
2
∫
d4xϕ⋆
n
(x)s0γ5θ(x)ϕm(x) (30)
U ′mn = e
− i
2
∫
d4xϕ′⋆
n
(x)s0γ5θ(x)ϕ′
m
(x), (31)
respectively. Then, the Jacobian transformation is ob-
tained in these basis as,
J = e
i
2
(P1+P2), (32)
where
P1 =
∫
d4xP1(x) =
∑
n
∫
d4xϕ⋆n(x)s
0γ5θ(x)ϕn(x),(33)
P2 =
∫
d4xP2(x) =
∑
n
∫
d4xϕ′⋆n (x)s
0γ5θ(x)ϕ′n(x).(34)
To evaluate P1 and P2 explicitly, the standard method of
heat kernel regularization is always used10,33, i.e.,
P1(x) = lim
M→∞
∑
n
ϕ⋆n(x)s
0γ5θ(x)e
−Θ†Θ
M2 ϕn(x), (35)
P2(x) = lim
M→∞
∑
n
ϕ′⋆n (x)s
0γ5θ(x)e
−ΘΘ†
M2 ϕ′n(x). (36)
Making expansion using the plane waves, the above equa-
tions are transformed to a more feasible form
P1(x) = (P
11
1 (x) + P
22
1 (x))/2, (37)
P2(x) = (P
11
2 (x) + P
22
2 (x))/2, (38)
where the factor 1/2 is due to the fact that the Nambu
space doubles the physical degrees of freedom, and the
redundancy should be removed. In the above equation,
we have
P 111 (x) = θ lim
M→∞
∫
d4k
(2π)4
trγ [γ
5e−ikxe−Ξ1/M
2
eikx]11,
P 221 (x) = θ lim
M→∞
∫
d4k
(2π)4
trγ [γ
5e−ikxe−Ξ1/M
2
eikx]22,
P 112 (x) = θ lim
M→∞
∫
d4k
(2π)4
trγ [γ
5e−ikxe−Ξ2/M
2
eikx]11,
P 222 (x) = θ lim
M→∞
∫
d4k
(2π)4
trγ [γ
5e−ikxe−Ξ2/M
2
eikx]22,
where the notation 11 (22) denotes the [1, 1] ([2, 2]) ele-
ments in the Nambu space and trγ represents the trace of
the Dirac matrices. To calculate the above expression, we
can expand the exponential e−Ξ1/M
2
. Since in the heat
kernel regularization formalism, we will finally rescale the
momentum kµ →Mkµ
33, therefore, only terms that con-
tains M−4 will survive and give a constant value under
the limit M → ∞. This means that we only need to
consider the expansion of the exponential up to the sec-
ond order. Moreover, for the zero and first order ex-
pansion, the trace over the Dirac matrices automatically
gives zero, which further simplify the evaluation to only
the second order expansion, which leads to
P 111 (x) =
θ
2
∫
d4k
(2π)4
trγ [γ
5e−ikxΠ111 e
ikx] (39)
P 221 (x) =
θ
2
∫
d4k
(2π)4
trγ [γ
5e−ikxΠ221 e
ikx] (40)
where we have rescaled the momentum. P 112 (x) and
P 222 (x) can be similarly obtained, which are not shown
for brevity. In the second order expansion above, we en-
countered the operators Π111 = (Θ
†ΘΘ†Θ)11 and Π221 =
(Θ†ΘΘ†Θ)22. After a straightforward calculation, Π111
can be obtained as (Π221 can be calculated in the same
7way, which is not shown explicitly),
Π111 = [(D
′
1 + µγ
4)(D1 − µγ
4) + |∆˜|2]2
+{(D′1 + µγ
4)(∆˜
γ5 − 1
2
+ ∆˜⋆
γ5 + 1
2
)γ4γ3
− (∆˜⋆
γ5 − 1
2
+ ∆˜
γ5 + 1
2
)γ4γ3(D2 + µγ
4)}
× {(∆˜⋆
γ5 − 1
2
+ ∆˜
γ5 + 1
2
)γ3γ4(D1 − µγ
4)
− (D′2 − µγ
4)(∆˜
γ5 − 1
2
+ ∆˜⋆
γ5 + 1
2
)γ3γ4},
(41)
where we have introduced notations D1 = γ
µ(∂µ +
ieAµ + iγ
5Qµ), D
′
1 = γ
µ(∂µ + ieAµ − iγ
5Qµ), D2 =
γ˜µ(∂µ− ieAµ+ iγ
5Qµ) and D
′
2 = γ˜
µ(∂µ− ieAµ− iγ
5Qµ)
for brevity. Now we need to search for the nontrivial
terms after inserting Eq.(41) into P 111 (x). Then after
using Eq.(32), we can obtain the anomalous topologi-
cal response for the superconducting Weyl metal phase.
Most terms vanish due to the trace over the Dirac matri-
ces. Recalling the relation trγ(γ
5γµγνγργσ) = −4ǫµνρσ ,
it is known that the only nontrivial terms from Eq.(41)
are those that enjoy four different Dirac matrices (except
for γ5). The superconducting terms that contains ∆˜ or
∆˜⋆ do not satisfy this condition, therefore they leads to
vanishing contribution to the topological behavior. After
checking every term, it is found that only the following
term may survive and give a nontrivial contribution, so
that Eq.(41) can be simplified as,
Π111 = (D
′
1+µγ
4)(D1−µγ
4)(D′1+µγ
4)(D1−µγ
4). (42)
The expansion of the above equation further leads to six-
teen terms, where the terms that have more than two γ4
leads to zero after the trace together with γ5. There are
four terms with only one γ4, whose absolute values are
given by
P 111 (x) =
θµ
2
∫
d4k
(2π)4
trγ [γ
5γ4e−ikxD1D
′
1D1e
ikx]. (43)
However, due to the different signs in front of µγ4 in
Eq.(42), the four terms exactly cancel with each other.
Hence, we know that the only possible contribution would
come from the term with zero γ4 matrix in Eq.(42),
which, after inserting into Eq.(39), reads
P 111 (x) =
θ
2
∫
d4k
(2π)4
trγ [γ
5e−ikxD′1D1D
′
1D1e
ikx]. (44)
In the above equation, the trace of the Dirac matrices
leads to the Levi-Civita tensor ǫµνρσ . Further using the
anti-symmetricity of ǫµνρσ , and taking into account the
relation [∂µ+ieAµ, ∂ν+ieAν ] = ieFµν , theD
′
1 andD1 op-
erators can be reorganized into the electromagnetic ten-
sor Fµν of external gauge field. Then, we arrive at
P 111 (x) = −
e2
32π2
θ(x)ǫµνρσFµνFρσ . (45)
In terms of P 221 (x), following the same procedure before,
we have
P 221 (x) =
θ
2
∫
d4k
(2π)4
trγ [γ
5e−ikxD′2D2D
′
2D2e
ikx], (46)
where D2 and D
′
2 both contain the Dirac matrix γ˜
µ in-
stead of γµ, as in D1 andD
′
1. However, the trace over the
Dirac matrix still satisfy trγ(γ
5γ˜µγ˜ν γ˜ργ˜σ) = −4ǫµνρσ,
since the two minus signs cancel with each other in the
trace. Therefore, we have
P 221 (x) = P
11
1 (x) = −
e2
32π2
θ(x)ǫµνρσFµνFρσ . (47)
P 221 (x) and P
11
1 (x) describe the contribution of the hole
and the particle degrees of freedom, respectively. Their
equivalence between them is a result of the particle-hole
symmetry in the SWM state.
Now, we can evaluate P 112 (x) and P
22
2 (x) exactly in
the same way. A straightforward calculation reveals that
P 112 (x) = P
22
2 (x) = P
22
1 (x) = P
11
1 (x). After inserting
every term into Eq.(32), one will find that the Jacobian
J associated with the chiral transformation results in an
additional action δS,
δS = −
e2
32π2
∫
d4xθ(x)ǫµναβFµνFαβ . (48)
This action arises from the chiral anomaly, and it has the
same form with that of the WSM phase10. Therefore, the
first conclusion can be drawn up to now. Even though we
consider a completely different state from WSM phase,
i.e., the FFLO superconducting state of doped WSM
phase, the field theoretical analysis shows that the chi-
ral anomaly is still preserved. The superconducting gap
does not affect the original topological response. As will
be discussed in contents below, the action δS shows the
existence of a surface state in the SWM with a boundary.
For the SWM phase, the surface state can be understood
as the Fermi arc after projection to zero energy4, there-
fore, what we show here indicates that the Fermi arc of
the original WSM phase remains robust after the super-
conductivity sets in. This is reasonable, since supercon-
ductivity, which is the pairing state of the bulk electron,
may hardly affect the state in the surface (at least is true
for the uniform s-wave case studied here).
Besides, the above theory also reveals an interesting
observation. As shown in the previous detailed calcula-
tion, even though we set an arbitrary parameter for the
chemical potential (it is assumed to be small), the final
result of the topological response does not rely on it at
all. For an ideal case, where µ = 0 (in this case, the
intrinsic superconductivity may be difficult to set in, but
it can be induced by proximity effect), it is found that
the FFLO pairing gaps out the Weyl nodes, leading to
a full gap in the whole Brillouin zone. However, the ac-
tion Eq.(48) can still be obtained in the same way. This
suggests a remarkable conclusion that the Fermi arc of
the Weyl metal phase can be preserved even though all
8the Weyl points are destroyed. Such prediction is unex-
pected, since the previous works tend to believe that the
Fermi arc is the result of the Weyl nodes in the bulk. Our
analysis indicates that the Fermi arc as well as the quan-
tum anomalous Hall effect is not a direct consequence of
the Weyl points. The Fermi arc will be preserved as long
as the axion field theory Eq.(48) is not destroyed, or in
other words, as long as the Berry curvature remains to be
nontrivial around the Weyl valleys. To further confirm
the above conclusions, in Sec.VI, we will demonstrate the
bulk-surface correspondence and derive the action of the
surface state. Also, the robustness of the Fermi arc in
the SWM will be revisited by studying a tight-binding
model.
B. The parity-like anomaly
In this subsection, we are going to show that, besides
the chiral anomaly discussed in the above section, there
is an another quantum anomaly arising after the develop-
ment of the superconductivity. This anomaly is a direct
consequence of the superconducting gap, and can be re-
vealed in the first term in Eq.(11). For the FFLO SMW
phase, the first term of Eq.(11) is explicitly written out
as Eq.(17), which describes the effective action of the
FFLO SMW state after the local chiral transformation
(see Fig.1).
Now we are going to show that the action Eq.(17) is
also nontrivial after considering the one-loop radiative
correction of the fermions. Before showing the detailed
derivation, let us now consider a more realistic case where
∆ ≪ µ, since in realistic materials the pairing gap is
usually much smaller than the chemical potential34. As
the first step, we perform the canonical transformation
s± → σzs±, σ± → szσ±, so that the action is simplified
as
S′ →
∫
dτdrΦ′†r {∂τ + τ
zσz(−i∂z) + τ
z
σ · (−i∇‖),
+∆sxτx − µsz}Φ′r,
(49)
where Φ′†r , Φ
′
r are the transformed eight dimensional
spinors. Then, it is useful to introduce a set of new Dirac
matrices ηµ. Different from the Dirac matrices γµ, now
it is more convenient to set ηi = σi (i = 1, 2, 3), η0 = σ0
and η4 = iη0, with σµ being the Pauli matrices denoting
the spin degrees of freedom. Then, writing explicitly in
the chirality space, we arrive at
S′ =
∫
dτdrΦ
′
r
(
−iηµ∂µ + iµs
3η4 −i∆sxη4
−i∆sxη4 −iη˜µ∂µ + iµs
3η4
)
Φ′r,
(50)
where Φ
′
r = Φ
′†
r η
0, and η˜µ = (−η1,−η2,−η3, η4). Now
we can further make Bogoliubov transformation to diago-
nalize the Nambu space. In momentum space, we obtain
a simple expression for the SWM state after the local
chiral transformation,
S′ =
∫
Λ
d4k
(2π)4
Φ
′′
kΩ(k)Φ
′′
k, (51)
with Ω(k) being the Dirac kernel,
Ω(k) =
(
s0/k + s3m 0
0 s0/˜k + s3m
)
, (52)
where m = µ + ∆2/2µ. Φ
′′
k and Φ
′′
k are the Grassmann
fields describing the Bogoliubov quasi-particles. The
Feynman notation /k = ηµkµ and /˜k = η˜
µkµ are used.
In deriving Eq.(52), we have neglected the higher order
term O(∆2), and obtained a linear Dirac fermion model
in the momentum space. Moreover, a momentum cutoff
Λ = (µ − ∆) is required in the integration of k due to
the SC gap. After this treatment, we can discard the ir-
relevant degrees of freedom that are far from WP, while
keep all the important physics, including the spin-orbit
coupled Dirac cone as well as the SC gap.
Now we are ready to couple a U(1) gauge field to the
SWM state and then evaluate its one fermion loop effec-
tive action, i.e.,
S′eff [Aµ] = Tr log(Ω(k) + Ω(Aµ)), (53)
with Ω(Aµ) being
Ω(Aµ) =
(
s0 /A 0
0 s0 /˜A
)
, (54)
where /A = ηµAµ and /˜A = η˜
µAµ. Here, Aµ is not the
electromagnetic field, but is a gauge field formally in-
troduced to couple to the Bogoliubov Grassmann fields.
This treatment will facilitate us to obtain all possible sur-
face states through the bulk-surface correspondence (see
below). Now we treat Aµ perturbatively, expanding the
logarithm in Eq.(53) in terms of Ω(Aµ). For the zero and
first order expansion, no topologically nontrivial term can
be obtained. In the following, we will show the detailed
calculation in the dominant leading order that gives us
the nontrivial topological properties. The second order
process is shown by the Feynman diagram in Fig.2. The
renormalized effective action in this order reads,
S′eff =
1
2
Tr[Ω−1Ω(Aµ)Ω
−1Ω(Aµ)] (55)
After some straightforward algebra, the effective action
can be calculated as
S′eff =
1
2
∫
d4pd4k
(2π)8
tr[fˆk,p(s
3)M(k, p, Aµ)], (56)
where M(k, p, Aµ) is the matrix
M(k, p, Aµ) =
(
M11(s
3) 0
0 M22(s
3)
)
, (57)
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FIG. 2: (color online). The Feynman diagram in the second
order perturbative calculation. The straight lines denote the
propagator of the Grassmann field Φ′′k and the dashed lines
represent the propagator of the gauge field.
with
M11(s
3) = (/˜k + s3m) /Ap((/˜k + /˜p) + s
3m) /A−p
M22(s
3) = (/k + s3m) /˜Ap((/k + /p) + s
3m) /˜A−p.
In Eq.(56), fˆ(k, p) reads
ˆfk,p(s
3) =
1
(−k2 +m2 + i2s3k4m)(−k2p +m
2 + i2s3kp4m)
,
(58)
where kp = k + p. From Eq.(56), we can decompose the
total action into four sectors, S′eff =
∑
i,j=± S
′
eff [i, j],
with S′eff [±,±] being defined as following,
S′eff [+,+] =
∫
d4pd4k
2(2π)8
fk,p(+)trηM11(+), (59)
S′eff [+,−] =
∫
d4pd4k
2(2π)8
fk,p(−)trηM11(−), (60)
S′eff [−,+] =
∫
d4pd4k
2(2π)8
fk,p(+)trηM22(+), (61)
S′eff [−,−] =
∫
d4pd4k
2(2π)8
fk,p(−)trηM22(−), (62)
where trη denotes the trace of the Dirac matrices η
µ.
S′eff [+,+] comes from the component where τ
z = 1 and
sz = 1, therefore, it is the contribution from the left-
handed particle-hole symmetric degrees of freedom. Sim-
ilarly, S′eff [+,−], S
′
eff [−,+], S
′
eff [−,−] are the contri-
bution from the left-handed particle-hole antisymmetric,
the right-handed particle-hole symmetric and the right-
handed particle-hole antisymmetric Bogoliubov quasi-
particles, respectively.
Now, as an example, we search for the topological-
nontrivial action of the gauge-field (Chern-Simons-like)
in S′eff [+,+]. First, in the term M11(+), only the com-
bination with three different Dirac matrices (except for
η4) does not vanish and gives us a Levi-Civita tensor af-
ter the trace. Second, for any Chern-Simons-like term to
occur in the gauge field action, the gradient of the vector
potential should be present, which means that only terms
with the operator /˜p can give us the topological-nontrivial
response of the SWM state. With the above considera-
tion, it is straightforward to arrive at the first topological
anomalous action, which comes from the combination of
m/Ap/˜p /A−p in M11(+),
S′eff [+,+] = −m
∫
d4p
(2π)4
ǫijkC(p)Ai(p)pjAk(−p),
(63)
where i, j, k = 1, 2, 3. The function C(p) comes from the
integral
C(p) = i
∫
Λ
d4k
(2π)4
ˆfk,p(+), (64)
which is free from the ultraviolet divergence due to the
cutoff. In deriving Eq.(63), the trace over the Dirac ma-
trices ηµ needs careful consideration since the case is com-
pletely different from the usual four by four Dirac matri-
ces. The important trace one encounters is tr(ηµηνηρ),
with µ, ν, ρ = 1, 2, 3, 4. It is easy to note that the trace
vanish when any of the Dirac matrix has the notation 4
due to tr(η4ηµην) = 0 (except for the case µ = ν = ρ = 4,
which gives a topological trivial term), therefore the η4
term should be removed in order to have nonzero result.
This leads to tr(ηiηjηk) = 2iǫijk, with i, j, k = 1, 2, 3.
Finally, in the real space, we obtain from Eq.(63) that
S′eff [+,+] = −m
∫
d4xd4x′ǫijkC(x− x′)Ai(x)∂jAk(x
′),
(65)
where we have performed the Wick-rotation back to the
real time space. Now we can assume the gauge field has a
long wave length compared to the SWM sample. In this
long wave length limit p→ 0, the integration in Eq.(64) is
simplified to a constant C1 = C(p→ 0)
35. Then, Eq.(65)
becomes,
S′eff [+,+] = −mC1
∫
d4xǫijkAi(x)∂jAk(x), (66)
The above equation is clearly a Chern-Simon action of
the external gauge field. To reveal the properties of the
action Eq.(65), we can take a variation of the external
gauge field Aµ, which gives us the topological response
of the SWM state as following
ji(x) = −mC1ǫ
ijk∂jAk(x) = −mCB
i(x), (67)
which suggests that a current ji will be induced along
the applied external field Bi in the bulk. This looks sim-
ilar to the chiral magnetic effect of the WSM material.
However, one can find that this bulk response will be can-
celed exactly and leads to zero current, after the M11(−)
term is taken into account. This can be easily shown by
inserting s3 = −1 into M11(s
3), then we have
S′eff1[+,−] = mC1
∫
d4xǫijkAi(x)∂jAk(x). (68)
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This term induces a chiral magnetic effect that exactly
cancels with Eq.(67), therefore no response can be ob-
served in the SWM bulk. Similarly, we can obtain
S′eff [−,+] and S
′
eff [−,−] as,
S′eff [−,+] = mC1
∫
d4xǫijkAi(x)∂jAk(x), (69)
S′eff [−,−] = −mC1
∫
d4xǫijkAi(x)∂jAk(x). (70)
Then, let us check the second possibility, i.e., the com-
bination of terms /˜k /Ap/˜p /A−p in M11, M22, which, after
the same treatment as before, gives us exactly the same
actions as Eq.(66),(68)-(70) but with different constants
C2.
C2 = i
∫
Λ
d4k
(2π)4
[ ˆfk,0(+)]k4. (71)
Taking into account the correction of the constants, we
finally obtain all the topological nontrivial actions in the
second order calculation.
S′eff [+,+] = −C
∫
d4xǫijkAi(x)∂jAk(x), (72)
S′eff [+,−] = C
∫
d4xǫijkAi(x)∂jAk(x), (73)
S′eff [−,+] = C
∫
d4xǫijkAi(x)∂jAk(x), (74)
S′eff [−,−] = −C
∫
d4xǫijkAi(x)∂jAk(x), (75)
where C = mC1 + C2
36.
As has been demonstrated, the above actions lead to
bulk currents that are exactly cancelled by each other.
However, these Chern-Simons terms become nontrivial
and can generate surface states if one considers a sys-
tem with finite boundary. Two interesting conclusions
can be expected. First, since the U(1) gauge field intro-
duced here does not couple to electrons but to the Bogoli-
ubov quasi-particles, all the excitations in the induced
surface states will be Bogoliubov quasi-particles, i.e.,
the surface states indicated by Eq.(72)-(75) are actually
SABS. Second, the zero energy excitation in the SABS
is an equal-weight sum of an electron spinor and a hole
spinor28, leading to the Majorana excitation. Third, due
to the opposite sign between S′eff [+,+] and S
′
eff [−,+]
(or S′eff [+,−] and S
′
eff [−,−]), we expect the left-handed
SABS and the right-handed SABS should enjoy an oppo-
site slope in their energy spectrum. The above expecta-
tion purely comes from the field theoretical analysis. In
later section, we will confirm these conclusions by study-
ing a lattice model
The above results revealed in the SWM state has
a close counterpart in the quantum electrodynamics
(QED)35,37,38. In that case, the renormalization of
the effective QED action at zero fermion mass (due to
the ultraviolet divergence) gives us an induced Chern-
Simons term in the Pauli-Villars term. The Pauli-Villars
mass breaks the parity symmetry, leading to the parity
anomaly. Here the SC term brings us a mass, which leads
to a similar induced Chern-Simons term in the dressed
action. However, different from the QED case, SWM
state enjoys both left-handed and right-handed sectors
due to the original two Weyl points (with opposite chi-
rality). In this case, even though the Chern-Simon term
in the left or right sector breaks the parity symmetry,
the two Chern-Simons terms S′eff [+,+] and S
′
eff [−,+]
(or S′eff [+,−] and S
′
eff [−,−] ) are parity symmetric to
each other, restoring the parity symmetry of the whole
SWM system.
V. RELATION BETWEEN QUANTUM
ANOMALIES AND SURFACE STATES
A. The topological surface action
Chern-Simons theory of the external gauge field usu-
ally indicates the emergence of a metallic surface state
of the studied system. For example, the axion dynamics
and the Chern-Simons action of the 3D topological insu-
lators is responsible for the surface Dirac cone8, the 3+1D
Chern-Simons term of the WSM phase suggests the Fermi
arc in the material surface10. Here, we find that the
SWM phase enjoys two types of nontrivial Chern-Simons
actions Eq.(48) and Eq.(72)-(75), originated from two
different quantum anomalies. Therefore, we expect the
emergence of robust surface states in the SWM state.
To verify to expected surface states, we need to
first demonstrate the bulk-surface correspondence in the
SWM, i.e., to construct a route, following which, one can
obtain a surface state action from the bulk action. In
previous sections, we introduced a U(1) gauge field to
the bulk states and then integrated out the matter fields,
leaving us a gauge field theory that reflects the bulk prop-
erty of the SWM. Now let us assume a boundary at x = 0
(y-z plane), so that the total action of this semi-infinite
sized SWM can be written down as
Ssm =
∫
dτdrΦ†r [∂τ + τ
zσz(−i∂z) + σ
zQz(x)
+ sxτ+σz∆(x)e−2iQzz + sxτ−σz∆(x)e2iQzz
+ szτzσ · (−i∇‖)− µ(x)s
z ]Φr,
(76)
where Qz(x) = Qzκ(x), µ(x) = µκ(x) and ∆(x) =
∆κ(x), with κ(x) being the Heaviside step function. For
x < 0, the action describes a gapless Dirac fermion, which
is topologically equivalent to the vacuum10,11. For x > 0,
we have the SWM state. Now all the above calculations
can be performed based on Ssm. Since δS is propor-
tional to Qz, for x < 0, Qz = 0 leads to a vanishing
action. Also, for x < 0 we have m = 0 so that inte-
gral in Eq.(71) leads to C2 = 0, that further generates
C = mC1 + C2 = 0. Since S
′
eff [±,±] are proportional
to C, all the topological actions become zero in the re-
gion x < 0. After the above consideration, the chiral-
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anomaly-induced action of the external gauge field with
a boundary, reads,
δS =
e2
4π2
∫
d4xǫ3ναβQzκ(x)Aν∂αAβ , (77)
where a partial integral has been performed. Ad-
ditionally, the topological actions due to the parity-
like anomaly become S′eff [+,+] = −S
′
eff [+,−] =
−S′eff [−,+] = S
′
eff [−,−], with
S′eff [+,+] = −C
∫
d4xǫijkκ(x)Ai(x)∂jAk(x), (78)
We know that in a uniform infinite-sized medium, the
gauge field theory should be gauge invariant, i.e., invari-
ant under transformation Aµ → Aµ + ∂µf(x), with f(x)
being a generic scalar function. However, in the presence
of the boundary, the gauge symmetry is broken. Insert-
ing the gauge transformation into Eq.(77), and perform-
ing the partial integral, an additional term associated to
the boundary will emerge, i.e.,
δSbd = −
e2Qz
2π2
∫
d4xǫ31αβf(x)δ(x1)∂αAβ , (79)
where the delta function δ(x1) comes from the partial
derivation, ∂νκ(x1) = δν,1δ(x1), and it constraints the
action to the boundary surface. Similar action describing
the gauge field property in the boundary is found and
investigated in the WSM phase by Ref.11, where it is
shown that this term is exactly canceled by the chiral
anomaly from the surface states in the boundary due to
the Callan-Harvey mechanism39,40. Due to this reason,
Eq.(79) clearly shows the occurrence of a surface state.
Moreover, more information can be shown by the surface
current, jβ = δ(δSbd)/δAβ .
jβ =
e2Qz
2π2
ǫ31αβ∂αf(x)|x1→0. (80)
This current is not proportional to any external field,
so that it reflects the intrinsic topological property of
the SWM state. Besides, the sign in front of jβ is the
reflection of the energy dispersion slope (chirality) of the
surface state. As is clear from the above equation, j3 = 0
means that the dispersion slope is zero along z direction,
while j2 6= 0 suggests that the surface state is dispersive
along y axis. These are the main properties of the Fermi
arc previously found in WSM phase4. Here, we have
proved their existence in the SWMs.
What we are more interested is the surface action
due to the parity-like anomaly. Similarly, inserting the
gauge transformation into Eq.(78) and completing the
partial integral, we obtain Sbd[+,+] = −Sbd[+,−] =
−Sbd[−,+] = Sbd[−,−], with
Sbd[+,+] = C
∫
d4xǫ1jkf(x)δ(x1)∂jAk, (81)
Similar to δSbd, Sbd[±,±] also convincingly justify the oc-
currence of four more surface states in the SWM bound-
ary. The currents can be arrived at after perform-
ing the variation, leading to jk[+,+] = −jk[+,−] =
−jk[−,+] = jk[−,−], with
jk[+,+] = −Cǫ1jk∂jf(x)|x1→0. (82)
Since S′eff [+,−] and S
′
eff [−−] are particle-hole symmet-
ric to S′eff [+,+] and S
′
eff [−,+], respectively. It is suf-
ficient to discuss only the current jk[+,+] and jk[−,+],
which describes the left- and right-handed surface cur-
rents, respectively. It is clear that they deviate from
each other by a minus sign. This means the surface states
would enjoy an opposite chirality in their dispersion spec-
trum, i.e., if one is left-moving then the other must be
right-moving. We also note that there is a major differ-
ence between the two currents in Eq.(80) and Eq.(82).
As we know from the calculation in the last section, the
gauge field Aµ in Eq. (79) is coupled to the electron
fields or hole fields in the Grassmann field Φr, while the
gauge field Aµ in Eq.(81) is coupled to the Bogoliubov
quasi-particles in the Grassmann field Φ′′r . This fact is
important since it leads to different physical meanings be-
tween the two types of surface states indicated by Eq.(80)
and Eq.(82) respectively, i.e., the excitations in the first
type of surface state are electrons while that in the second
type are Bogoliubov quasi-particles. This is in agreement
with our expectation because the first surface state (from
Eq.(80)) is actually the Fermi arc inherited from the orig-
inal WSM phase. The electrons in the Fermi arc do not
form pairs and thus keep their electron properties. In
contrary, the second type of surface state (from Eq.(82))
reside in the SC gap and is the result of the pairing insta-
bility, they are in essence the SABSs. Remarkably, the
E = 0 quasi-particle excitations in the SABSs are the
Majorana fermions, since they are equal-weight sum of
the electron spinor and the hole spinor27,28.
B. Verification by the tight-binding model
The above field theoretical results can be verified by
analyzing the tight-binding model, from which one can
also numerically obtain the surface states. We now utilize
the following lattice model to describe the normal state
band structure26
H0(k) = t(σ
x sin kx + σ
y sinky) + tz(cos kz − cosQ)σ
z
+m(2− cos kx − cos ky)σ
z − µσ0. (83)
The basis is taken as {c†↑(k), c
†
↓(k)}. The model can be
written compactly as
H0(k) =
3∑
α=0
dα(k)σ
α, (84)
where d0(k) = µ, d1(k) = t sin kx, d2(k) = t sinky, and
d3(k) = tz(cos kz − cosQ) +m(2 − cos kx − cos ky). For
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(a) (b)
FIG. 3: (color online). Numerical results of the energy spec-
trum along ky (kz = 0) of the tight-binding model for different
chemical potential. A thin film with 200 layers along the x
direction is considered. The parameters chosen are t = −1,
tz = −2, Q = pi/4, m = 1 and ∆+ = ∆− = 0.1. The chemical
potential is µ = 0 in (a) figure while µ = 0.1 in (b) figure.
large m, only one pair of Weyl points exist in the BZ, at
P± = (0, 0,±Q). For small µ, the Fermi surface consists
of two disconnected spherical pockets centered at P+ and
P−, respectively. Without losing any generality, we set
µ > 0 and focus on low energy properties related to the
upper band with dispersion
E+(k) = −µ+
√
d21(k) + d
2
2(k) + d
2
3(k). (85)
We represent the creation operator of this band as c˜†+(k).
Introducing the relative wave vectors q = k − P± for
states close to either of the two Weyl points, the FFLO
pairing order parameter can be written as26
∆±c
†
α(q+P±)(iσ
y)αβc†β(−q+P±), (86)
where ∆+ and ∆− are the pairing amplitudes of the
FFLO state in the two Fermi pockets. Projecting the
above pairing term to the two spherical pockets of the
Fermi surface around P+ and P−, we have the following
effective pairing terms
∆ν c˜
†
+(q+Pν)sgn(t)
qx + iqy√
q2x + q
2
y
c˜†+(−q+Pν), (87)
where ν = ± labels the two Weyl points and the two sur-
rounding Fermi pockets, and sgn(t) is the sign of t. For
any wave vector on the Fermi pocket centered at Pν , the
absolute value of the paring amplitude is a constant, |∆ν |.
So, this state is fully gapped, if we introduce pairing in
the neighborhood of the two Fermi pockets. More im-
portantly, from well-known results for the p+ ip pairing,
we know that there are two pairs of SABSs on a surface
parallel to the z axis41, one is around P+ and the other
is around P+. This conclusion is in agreement with the
results from the parity-like anomaly, i.e., Eq.(82).
Moreover, one can obtain the surface modes from the
above tight-binding model. Ref.28 has calculated the
eigenvalues of the above Hamiltonian with two surface
boundaries normal to the x direction (for µ 6= 0). The
dispersion along kz is shown in the Fig.5(a) in Ref.
28.
It is found that four chiral surface states show up in
the surface boundary, i.e., two occur in the SC gap
around the left WP, while two other surface states oc-
cur in the SC gap around the right WP. In both the SC
gaps, one surface state is particle-hole symmetric and
the other is particle-hole antisymmetric. These states
are the Andreev surface states, and they are compos-
ite states of electron and holes. Moreover, let us focus
on the particle-hole symmetric ones, as can be found in
Fig.5(a) in Ref.28, the surface states near the left-handed
and right-handed WP enjoy the opposite Fermi velocity:
one is left-moving and the other is right-moving. Re-
calling that in the topological field theory, we have de-
rived four branches of Chern-Simons actions in the SC
gaps, i.e., Eq.(72)-(75), and they further generates four
surface currents jk[±,±]. As has been pointed out, the
currents from the left- and right-handed sectors have the
same absolute value but differ by a minus sign, leading
to the opposite direction of current response, which man-
ifests itself in the opposite Fermi velocity of the SABS.
Hence, we have found out the exact correspondence be-
tween the numerical surface states, the low-energy model
derived from the tight-binding Hamiltonian, Eq.(87), and
the topological field theory.
More interestingly, our topological field theory also in-
cludes the chiral anomaly, leading to the boundary action
δSbd in Eq.(79). This means that we must be able to find
another type of surface state which is the Fermi arc in-
herited from the WSM state. Since Ref.28 does not show
any signature of this Fermi arc, we perform the numeri-
cal diagonalization of the lattice model. In order to show
the arc clearly, we intentionally set µ = 0 and plot the
energy spectrum for a thin film with two hundred layers
stacked along x the direction. Fig.3(a) shows the result
along ky direction with kz fixed to be 0. Clearly, we ob-
serve two chiral surface states, where the one with the
positive slope and the negative slope belongs to the up-
per and lower boundary, respectively. Since the surface
state in Fig.3 occurs at kz = 0, and the pairing gap only
dominates in the region around the two Fermi pockets
located at kz = ±Qz, the arc observed here cannot be
the SABS, which are located in the SC gap. Moreover,
if one plots along kz direction, one will find the disper-
sion becomes flat, which is the main characteristic of the
Fermi arc in WSM state. Hence, this state obtained here
can only be identified as the Fermi arc inherited from
the original WSM phase. Moreover, since the chemical
potential is µ = 0, the original Weyl points are com-
pletely gapped out and the bulk SWM phase has a full
gap in its energy spectrum. However, the Fermi arc still
persists. This numerical observation is consistent with
our field theoretical conclusion, where we show that the
chiral anomaly does not rely on the Weyl points, and
the topological response remains in the SWM state even
though the Weyl nodes are gapped out. Moreover, in
Fig.3(b), we plot the energy spectrum for µ = 0.1, where
two Fermi arc surface states belonging to two boundaries
are still found. Due to the particle-hole symmetry, two
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more Fermi arcs emerge, which are the redundancy due
to the introduction of Nambu space.
Now we can conclude that, despite being a supercon-
ductor in the bulk, our model of the SWM state is topo-
logical in two senses. The first is that the original Berry
curvature around the Weyl points persists after the onset
of superconductivity, so that the Fermi arc state remains.
The second is that the superconductivity, by itself, is able
to induce four surface Andreev bound states in the SWM
boundary. All the results are explained by our topologi-
cal field theory of the SWM state, which, to the best of
our knowledge, is the first field theory of the supercon-
ducting Weyl materials.
VI. QUANTUM ANOMALIES IN BCS STATE
In the above section, we have discussed the quantum
anomalies in the intranode FFLO state in detail. Now we
are going to study the simplest internode pairing state,
i.e., the s-wave BCS pairing state, whose effective de-
scription is given by Eq.(7). All the method is the same
as that used for studying the FFLO case, therefore we
only briefly present the results and the discussions in this
section.
Obviously, the BCS pairing term sxτz∆ is invari-
ant under the local chiral transformation, Φr →
e−is
0τzσ0θ(τ,r)/2Φr. The transformed action reads,
S′2 =
∑
iωn
∫
d3k
(2π)3
Φ†(iωn,k)(−iωn + τ
zσzkz − µs
z
+ szτzσ · k‖ +∆s
xσz)Φ(iωn,k),
(88)
where we have insert θ(τ, r) = 2Qzz. If we view the above
action as the composition of the superconductor term
sxτz∆ and the non-superconducting Weyl metal term,
two conclusions are obvious. First, the chiral transfor-
mation shifts the two Weyl points, and they finally meet
each other at Γ point, forming a Dirac point with spin-
momentum locking. Second, the superconductivity term
is invariant. Since the transformed phase has a Dirac
cone at Γ point and the pairing electrons now come from
the electron states of the 3D Dirac cone with momentum
k and −k, the resulting state can be shown to enjoy a SC
gap at Γ point. Now, it is clear that, similar to the FFLO
SWM state, there are two important questions needed to
be addressed. One is the chiral anomaly from the Ja-
cobian of the functional integral measure of the chiral
transformation, and the other is the possible parity-like
anomaly of the gapped transformed state.
To study the first one, we introduce the Dirac matrices
γµ as before, then the SC term is written into
SSC2 = −i
∫
dτdrΦr∆s
xγ5γ4γ3Φr. (89)
Then following the same method as used in the FFLO
case, i.e., introducing external gauge field and then eval-
uating the Jacobian of the functional integral measure of
the chiral transformation, one will encounter the trace of
Dirac matrices. It is found that, the SC term Eq.(89)
does not have any contribution because the Dirac ma-
trices in front of this term (γ5γ3γ3) will make the trace
zero. This means that the Jacobian only comes from
the nonsuperconducting terms S′2 − SSC2. Since, in the
FFLO state, the anomaly also originates from the non-
superconducting Weyl metal term, it then becomes clear
that the internode BCS state enjoys exactly the same
Jacobian and thus the same effective gauge field action
as Eq.(48). Due to the discussion in the above section,
we know that a Fermi arc must be present in the BCS
pairing SWM phase, which is due to the chiral anomaly.
Now we discuss the parity-like anomaly in the BCS
state. Using the same method as before, we first perform
the canonical transformation s± → σzs±, σ± → szσ±,
and then introduce the Dirac matrix η. After diagonal-
ization in the Nambu space, we find that the effective
action around the Γ points of the BCS type SWM state
(after the chiral-transformation) can be reduced exactly
to the same form as that in Eq.(52). The parity-like
anomaly, which is responsible for the occurrence of the
Andreev surface state, is only dependent on the trans-
formed action. Therefore, in terms of the surface state,
we have shown in a general field theoretical way that, the
BCS internode pairing SWM phase has the same prop-
erty as the FFLO intranode pairing SWM phase, i.e., it
also enjoys the topological Chern-Simons action, Eq.(48)
and Eq.(72)-(75). This accounts for the similar surface
states between the FFLO and the BCS states27. For the
BCS state, more details will be presented by our future
work. In the present work, we only discuss the simplest
s-wave singlet pairing state, while other pairing states,
as raised by Ref.26, can also be investigated in the same
method with a straightforward generalization.
VII. CONCLUSIONS
We have performed a field theoretical investigation of
the SWM. Two quantum anomalies are extracted in this
state. The first is the chiral anomaly. In the presence of a
boundary, the chiral anomaly shows a bulk Chern-Simons
action, which further induces a chiral surface state due
to the Callan-Harvey mechanism39,40. The second quan-
tum anomaly is due to the onset of superconductivity. It
generates four Chern-Simons actions, S′eff [±,±]. This
anomaly, similar to the parity anomaly in the QED, gives
rise to four SABSs, when a finite size system is consid-
ered. All the above results are consistent with our tight-
binding model calculation. Even though we only discuss
the s-wave pairing case, straight forward extension can
be made to study other pairing states. Moreover, our
method can also be applied on more realistic SWM mod-
els, and even the superconducting type II Weyl metals42,
which will be an interesting investigation in the future.
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